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Abstract
, 1 – “ (recursive subresultant)”
|‘ (nested $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{r}\infty \mathrm{u}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$)’ ‘mm (reduoed





Euclid [4] , . ,
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$R$ , $K$ $R$ , $F$ $G$ $R[x]$ 1 . $F$ $G$ GCD




( Terui [6] ).
2.1
1( (PRS))
$F$ $G$ $R[x]$ 1 , $m,$ $n$ ( $m>n$) . ,
$P_{1}=F$, $P_{2}=G$ , $\alpha_{*}P_{1-2}=q_{i-1}P_{i-1}+\beta:P_{*}$. $(i=3, \ldots, l)$ ,
(1)
$\alpha_{*},\beta_{i}\in R$ , $\deg(P_{i-1})>\deg(P_{i})$
$(P_{1}, \ldots, P_{l})$ $F$ $G$ $(PRS)$ ; $\mathrm{p}_{1}\mathrm{w}(F, G)$ .
, $((\alpha \mathrm{a},h),$ $\ldots,$ ( $\alpha\iota$ , ) $)$ $\mathrm{p}\mathrm{r}\mathrm{s}(F, G)$ division rule (von zur Gathen and Liicking [8]
). $P_{l}$ , $\mathrm{p}\mathfrak{n};(F,G)$ (complete) (Knuth [4] ). 1
2( (Recursive PRS))
$F$ $G$ 1 . ,
$P_{1}^{(1)}=F$, $P_{2}^{\langle 1)}=G$ , $P_{l_{1}}^{(1)}=\gamma_{1}\cdot \mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(1)}, P_{2}^{(1)})$ , $\gamma_{1}\in R$ ,
$(P_{1}^{(1)},P_{2}^{(1)}, \ldots, P_{l_{1}}^{(1)})=\mathrm{p}\mathrm{r}\mathrm{s}(P_{1}^{(1)}, P_{2}^{(1)})$,
$P_{1}^{(k)}=P_{l_{h-1}}^{\langle k-1)}$, $P_{2}^{(k)}= \frac{d}{dx}P_{l_{k-1}}^{\langle k-1)}$ , $P_{l_{k}}^{(k)}=\gamma_{k}\cdot \mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(k)}, P_{2}^{(k)})$ , $\gamma_{k}\in R$,
(2)
$(P_{1}^{(k\rangle}, P_{2}^{(k)}, \ldots, P_{l_{k}}^{\langle k)})=\mathrm{p}\mathrm{r}\mathrm{s}(P_{1}^{(k)}, P_{2}^{\langle k\rangle})$, $k=2,$ $\ldots,t$
$(P_{1}^{(1)}, \ldots, P_{l_{1}}^{(1)}, P_{1}^{(2)}, \ldots, P_{l_{l}}^{(2)}, \ldots, P_{1}^{(\mathrm{t})}, \ldots, P_{l_{1}}^{\langle t)})$ $F$ $G$
(recumive $PRS$) , $\mathrm{r}\mathrm{p}\mathrm{r}\mathrm{s}^{\backslash }(F, G)$ . , $((\alpha_{\theta}^{(1)},\beta_{\}^{(1)}),$ $\ldots,$ $(\alpha_{l_{*}}^{(t)}, \beta_{l_{\ell}}^{(\mathrm{t})}))$ $\mathrm{r}\mathrm{p}\mathrm{r}\mathfrak{t}|(F, G)$
on rule . $P_{l_{t}}^{(t)}$ t rprti$(F, G)$ (complete) . I
. $k=1,$ $\ldots,$ $t$ $i=1,$ $\ldots,$ $l_{k}$ , $c_{i}^{(k)}=1\mathrm{c}(P_{:}^{(k)}),$ $n_{\dot{l}}^{(k)}=\deg(P_{i}^{(k)})$,
$io=m,$ $j_{k}=n_{l}^{(k)}$ $\text{ }$ . $k=1,$ $\ldots,$ $t$ $i=1,$ $\ldots,$ $l_{k}-1$ , $d^{(k)}.\cdot=n_{1}^{(k)}.-n_{i+1}^{\langle k)}$ .
22
, . , $F$ $G$
.
$F$ $G$ $R[x]$ .
$F(x)=f_{m}x^{m}+\cdots+f\mathrm{o}x^{0}$ , $G(x\rangle$ $=g_{n}x^{n}+\cdots+g_{0}x^{0},$ $m\geq n>0$ . (3)
$M$ , $M$ $|M|$ .
88
3(Sylvester , )
$F$ $G$ (3) . , $F$ $G$ (4) $N(F, G)$
$(m+n)$ $F$ $G$ Sylvester $<n$ , $N(F, G)$ $F$







$F$ $G$ (3) , $(P_{1}^{(1)}, \ldots, P_{l_{1}}^{\langle 1)}, \ldots, P_{1}^{\langle t)}, \ldots, P_{l_{1}}^{(t\rangle})$ $F$ $G$




1. $k=1$ , $\overline{N}^{\{1,j)}(F, G)=N^{(\mathrm{j})}(F, G)$ .
2. $k>1$ , $\overline{N}^{(k,\mathrm{j})}(F,G)$ .
( $\overline{N}^{\langle k-1,j_{k-1})}(F, G)$ $j_{k-1}+1$ $\overline{N}_{U}^{(k-1_{\dot{\theta}\mathrm{k}-1}\rangle}\text{ }\langle$ . , $\overline{N}_{U}^{\langle k-1_{\dot{\theta}k-1})}$
$(j_{k-1}-j_{k}-1)$ .
$(b)\overline{N}^{(k-1,j_{k-1})}(F, G)$ $j_{k-1}+1$ $\overline{N}_{L}^{(k-1,j_{k-1})}$ , $\overline{N}_{L}^{(k-1,\mathrm{j}_{k-1})}\text{ }j_{k-1}+1-\tau$
$(\tau=j_{k-1}, \ldots, 1)$
$\tau$ , $\overline{N}_{\iota^{(k-1,j_{k-1})}}’$ . , _1 $-j-1$
$\overline{N}_{L}^{(k-1,\mathrm{j}_{\mathrm{k}-1})}$ 1 , $j_{k-1}-j$
$\overline{N}_{\mathrm{r}^{\langle k-1,j_{\hslash-1})}}’$ , 1 $\overline{N}_{L}^{(k-1,j_{k-1})}$ 1
, 1 .
, $\overline{N}^{(k,\mathrm{j})}(F, G)$ $F$ $G$ (k, . $\mathrm{I}$
5




$F$ $G$ (3) . $(P_{1}^{\{1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{\langle t)}, \ldots, P_{l_{t}}^{(t)})$ $F$ $G$ .
$j_{0}=m,$ $j_{k}=n_{l}^{(k)}(k=1, \ldots,t)$ . $j=j_{k-1}-2,$ $\ldots,0$ $\tau=j,$ $\ldots,0$ , $\overline{N}^{(k,j)}(F,G)$
$(m+n-\mathit{2}j_{l})\{[I_{l-2}^{k-1}(\mathit{2}j_{l-l}-\mathit{2}j_{1}- 1)\}(2j_{k-1}-2j-1)-1$ $(m+ \mathrm{n}-2j_{1})\langle\prod_{l-2}^{k-1}(2j_{l-1}-2j\iota-$
$1)\}(2j_{k-1}-2j-1)+j-\tau$ $\overline{N}_{\tau}^{(k,j)}=\overline{N}_{\tau}^{(k,j)}(F,G)$ ($\overline{N}_{\tau}^{(k,j\rangle}$
) . ,
S-k,j(F, G)=|N-j(k,j)|\alpha 5+ $\cdot$ .. +|N-0(k, 0 (5)






“ (nested subresultant)” , , ,
.
7( (Nested Subresultant Matrix))
$F$ $G$ (3) , $(P_{1}^{\langle 1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{\langle t)}, \ldots, P_{l_{t}}^{\langle 1)})$ $F$ $G$
. , $(k,j)$ ( $k=1,$ $\ldots,t,$ $j=j_{k-1}-2,$ $\ldots,0$) ,
$\tilde{N}^{(k,j)}(F^{F}, G)$ .
1. $k=1$ , $\tilde{N}^{(1_{\dot{O}})}(F,G)=N^{(j)}(F, G)$ .
2. $k>1,$ $\tau=0,$ $\ldots,j_{k-1}$ , $\tilde{N}^{(k-1,j_{k-1})}$ $(n_{1}^{(k-1)}+n_{2}^{(k-1)}-2j_{k-1}-1)$ $(n_{1}^{(k-1)}+$
$n_{2}^{(k-1)}-$ -1–\tau ) $\tilde{N}_{\tau}^{(k-1,j_{h-1})}$ ($\tilde{N}_{\tau}^{(k-1,j_{k-1})}$
).
$\tilde{N}^{(k,j)}(F, G)=N^{(\mathrm{j})}(\tilde{\mathrm{S}}_{k-1,j_{k-1}}(F,G),$ $\frac{d}{dx}\tilde{\mathrm{S}}_{k-1,j_{\hslash-\iota}}(,F,G))$ , (6)
. , $\tilde{\mathrm{S}}_{k-1,\mathrm{j}_{k-1}}(F, G)$ 8 .
, $\tilde{N}^{(k,\mathrm{j})}(F, G)$ $F$ $G$ (k, . I
8( (Nested Subresultant))
$F$ $G$ (3) , $(P_{1}^{(1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{(t)}, \ldots, P_{l_{t}}^{\langle t)})$ $F$ $G$
. , $(k,j)$ ( $k=1,$ $\ldots,t,$ $j=j_{k-1}-\mathit{2},$
$\ldots,$
$0$) ,
(k, $\overline{N}^{(k},D(F,G)$ $n_{1}^{(k)}+n_{2}^{(k)}-2_{\acute{J}}-1$ $(n_{1}^{(k)}+n_{2}^{(k)}-j-\tau)$
$\tilde{N}_{\tau}^{(k,j)}=\tilde{N}_{\tau}^{\langle \mathrm{k},j)}(F, G)$ . ,
$\tilde{\mathrm{S}}_{k,j}(F,G)=|\overline{N}_{j}^{(k,j)}|\dot{d}+\cdots+|\tilde{N}_{0}^{(k,j\rangle}|x^{\mathit{0}}$ (7)
$F$ $G$ $(k,j)$ . 1
, , .
9
$F$ $G$ (3) , $(P_{1}^{(1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{(\iota)}, \ldots, P_{l_{\ell}}^{(\iota)})$ $F$ $G$
. $k=2,$ $\ldots,$ $t,$ $j=j_{k-1}-\mathit{2},$ $\ldots,0$ t $u_{k,j},$ $b_{k,j},$ $r_{k,j},$ $R_{k}$
:
$u_{k,j}=(m+n- \mathit{2}j_{1})\{\prod_{l=2}^{k-1}(\mathit{2}j_{l-1}-2j\iota-1)\}(2j_{k-1}-\mathit{2}j-1)$, $u_{\mathrm{k}}=\mathrm{u}_{k,\mathrm{j}_{k}}$ , $\mathrm{u}_{1}=m+n-2j_{1}$ ,
$b_{k,j}=2j_{k-1}-2j-1$ , $b_{k}=b_{k,j_{k}}$ , $b_{1}=1$ , (8)
$r_{k,j}=(-1)^{(u_{k-1}-1)(1+2+\cdots+(b_{k,\mathit{3}}-1))}$, $r_{k}=r_{k,j_{k}}$ , $fl.j=1$ $(j<n)$ ,







$k=1,$ $\ldots,$ $t,$ $j=j_{k-1}-2,$ $\ldots,0,$ $\tau=j,$ $\ldots,$ $0$ ,





) , . , Gauss [1]
, ,
. , .
11 ( (Reduced Nested Subresultant Matrix)) ’
$F$ $G$ (3) , $(P_{1}^{(1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{\langle t)}, \ldots, P_{l_{4}}^{\langle t)})$ $F$ $G$
. , $(k,j)$ ( $=1,$ $\ldots,t,$ $j=j_{k-1}-2,$ $\ldots,0$) ,
$\hat{N}$( ) $(F, G)$ .
1. $k=1$ , $\hat{N}^{(1\dot{\rho})}(F, G)=N^{(\mathrm{j})}(F, G)$ .
2. $k$ $>$ 1 , $\hat{N}^{(k-1,j_{k-1})}(F, G)$ $j_{k-1}+1$ J $\rangle$ $\hat{N}_{L}^{(\mathrm{k}-1_{\dot{\theta}h-1})}(F, G)$ ,
$\hat{N}^{(k-1,j_{k-1})}(F, G)$ $\hat{N}_{L}^{(k-1_{\dot{\theta}k-1})}(F, G)$ $\hat{N}_{U}^{(k-1,j_{\mathrm{k}-1})}(F, G)$ <. $\tau=j_{k-1},$ $\ldots,$ $0$
| $\text{ },\hat{N}^{\langle k-1,j_{k-1})}(F,G)$ $\hat{N}_{U}^{(\mathrm{k}-1,j_{\mathrm{k}-1})}(F,G)$ $\hat{N}_{L}^{(k-1,j_{\mathrm{k}-1})}(F, G)\text{ }(j_{k-1}-\tau+1)$
$\hat{N}_{\tau}^{(k-1,j_{k-1}\rangle}(F, G)$ . $\hat{A}_{\tau}^{(k-1)}=|\hat{N}_{\tau}^{(k-1_{\dot{\beta}k-1})}|$ , $H$ .
$H=(H_{p,q})=N^{(\mathrm{j})}(\hat{A}^{(k-1\rangle}(x),$ $\frac{d}{dx}\hat{A}^{(k-1)}(x))$ , (11)
$\hat{A}^{(k-1)}(x)=\hat{A}_{j_{h-1}}^{\{k\sim 1)}x^{j_{k-1}}+\cdots+\hat{A}_{0}^{(k-1)}x^{\mathit{0}}$ . $\hat{N}_{\tau}^{(k-1_{J^{t}k-1})}$’ $N_{U}^{\mathrm{t}^{k-1}ik-1)}$
, $\hat{N}_{U}^{(k-1,j_{k-1})}=(U^{(k)}|v^{(k)})$ ( $U^{(k)}$ , $v^{(k)}$ )
$(b_{p,q}^{\langle k)}|g_{\mathrm{p},q}^{(k)})$ ( , $g_{\mathrm{P},q}^{(k)}$ ) , $H_{\mathrm{p},q}$
.
$H_{\mathrm{p},q}=|_{b_{\mathrm{p},q}}^{U^{(k)}}*_{g\mathrm{p},q}^{v^{\{k)}}|$ , (12)
, $H_{\mathrm{p},q}=0$ , $b_{\mathrm{p},q}^{(k)}=0,$ $g_{p,q}^{(k)}=0$ . , $U^{(k)}$
.












, $N^{(\mathrm{k},j)}(F, G)$ $F$ $G$ (k, . I
12
$k=1,$ $\ldots,$ $t$ $j<j_{k-1}-1$ , (k, $\hat{N}^{(k,j)}(F, G)$




13 ( (Reduced Nested Subresultant))
$F$ $G$ (3) , $(P_{1}^{\langle 1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{(t)}, \ldots, P_{l\iota}^{(1)})$ $F$ $G$
. , $(k,j)$ ( $k=1,$ $\ldots,$ $t,$ $j=j_{k-1}-2,$ $\ldots,$ $0$)
$\tau=j,$ $\ldots,0$ , (k, $\hat{N}^{(k,D}(F, G)$ $m+n-\mathit{2}(k-1)-\mathit{2}j-1$
$(m+n-\mathit{2}(k-1)-j-\tau)$ $\hat{N}_{\tau}^{(k,j)}=\hat{N}_{\tau}^{(k,j)}(F, G)$ $\text{ }(\hat{N}_{\tau}^{(k,j)}(F, G)$
). ,
$\dot{\mathrm{S}}_{k,\mathrm{j}}(F, G)=|\hat{N}_{j}^{(k,\mathrm{j})}|d\acute{+}\cdots+|\hat{N}_{0}^{(k,j)}|x^{0}$ (17)
$F$ $G$ (k, . I
, .
14
$F$ $G$ (3) , $(P_{1}^{(1)}, \ldots, P_{l_{1}}^{\langle 1)}, \ldots, P_{1}^{\langle t)}, \ldots, P_{l_{\ell}}^{(t)})$ $F$ $G$
. $k=2,$ $\ldots,$ $t,$ $j=j_{k-1}-2,$ $\ldots,$ $0$ , $J_{k,j}$ (15) , $\hat{B}_{k,j}$ $\hat{R}_{k}$
$\hat{B}_{k,j}=|U^{\langle k)}|^{J_{k.f}-1}$ , $\hat{B}_{k}=B_{k,\mathrm{j}_{k}}$ , $\hat{B}_{1}=\hat{B}_{2}=1$ , (18)
$\hat{R}_{k}=$ $(\hat{R}_{k-1} .\hat{B}_{k-1})^{J_{k.f_{k}}}$ , $\hat{R}_{1}=\hat{R}_{2}=1$ (19)
.





$k=1,$ $\ldots,t,$ $j=j_{k-1}-2,$ $\ldots,$ $0,$ $\tau=j,$ $\ldots,$ $0$ ,
$|\tilde{N}_{\tau}^{(k,j)}(F, G)|=(\hat{R}_{k-1}\cdot\hat{B}_{k-1})^{J_{k,f}}\hat{B}_{k,j}|\hat{N}_{\tau}^{(k,j)}(F, G)|$. (21)
.
$|\tilde{N}_{\mathrm{f}}^{(k,j)}(F, G)|$ , Gaut\S [1] .
Tenli [7] I
5
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